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The extraction of the most dynamically important coherent flow structures using reduced
order models (ROM) is a challenging task in various fluid dynamics applications. In particular,
for high-speed round jet flows, the axisymmetric pressure mode of interest is known to be
responsible for sound radiation at small angles to the jet axis and dominant contribution to the jet
noise peak. In this work the axisymmetric pressure mode of the Navier-Stokes solution of a high
speed jet flow at low frequency is reconstructed from simulation data using popular Machine
Learning (ML) methods, whose output can later be exploited for data-driven design of effective
turbulent acoustic source models. The data used as input for the ML techniques are derived from
the Large Eddy Simulation database obtained by application of the high-resolution CABARET
method accelerated on GPU cards for flow solutions to NASA Small Hot Jet Acoustic Rig
(SHJAR) jets. The SHJAR simulation database is fed to Spectral Proper Orthogonal (SPOD),
and the resulting time coefficients of the turbulent pressure fluctuations are the targets of the
three machine learning methods put to test in this work. The first Machine Learning method
used is the Feed-forward Neural Networks technique, which was successfully implemented for a
turbulent flow over a plunging aerofoil in the literature. The second method is based on the
application of Genetic Programming, which is a symbolic regression method well-known in
optimisation research, but it has not been applied for turbulent flow reconstruction before. The
third method, commonly known as Echo State Networks (ESNs), is a time series prediction
and reconstruction method from the field of Reservoir Computing. A report on the attempts
to apply these methods for approximation and extrapolation of the turbulent flow signals are
discussed.

I. Introduction
In various areas of fluid mechanics from aerospace and wind engineering to geophysical flow modelling, insights
into the complex flow problems afforded by developing fast reduced-order models are important for fast parameter



studies as well as control and optimisation purposes [1—4]. Many flows of interest are turbulent with a wide range
of space-time scales, hence, the typical goal of data-driven reduced-order models is to approximate only the most
dynamically important coherent structures in the flow. Due to the progress in high-resolution experimental and numerical
simulation methods, large amounts of space and time resolved data have been accumulated over the years, which can be
used to separate deterministic and stochastic dynamics of such flows [5-7], thereby facilitating the development of
reduced-order models in high-Reynolds numbers.

The first step in many data-driven models is to separate the temporal variability from the spatial field distribution,
mode by mode, to reduce complexity of the original four-dimensional (space-time) flow solution. Several ways have
been developed in the literature to achieve such modal decomposition, which include Dynamic Mode Decomposition
(DMD) and Proper Orthogonal Decomposition (POD) and their modifications [8, 9]. In particular, the POD methods
starting from the original work of Lumley [10] and the more recent modifications [11, 12] allow arranging the modes
in the order of their energy. In addition, advanced POD modifications such as Spectral POD (SPOD) in the time
domain [11] and in the frequency domain [13] allow decomposing different modes by their degree of unsteadiness, i.e.
the frequency content. On one hand, the frequency-domain SPOD method allows strictly separating the POD modes
according to frequency, which is important for the characterisation of spatiotemporal coherent structures in turbulence
[14]. On the other hand, the time-domain SPOD approach enables a user-controlled filtering of the POD correlation
matrix leading to smooth temporal SPOD coefficients which are typically easier to reconstruct using machine learning
methods in comparison to the unfiltered fluctuations. The dominant modes resulting from such flow decomposition
serve to reproduce the most energetic and dynamic features of the turbulent flow of interest at the same time.

Using these advanced POD approaches, several methods to approximate the dynamics of the temporal modal
coefficients were developed in the literature, including Galerkin projection and its variants [15] and sparse regression
of nonlinear dynamics [16]. Notably, Carlberg et al. [17] reported that reduced-order models may exhibit unstable
behaviour when trying to reproduce the complex dynamics of the governing Navier-Stokes equations. Furthermore,
despite the progress in the development of more stable reduced-order models [18, 19], the application of these techniques
to reconstruct dynamics of high Reynolds-number flows still remains a challenge.

Among various machine learning methods, artificial neural networks have reached a state of maturity and are
widely used for reconstructing the dynamics of high-dimensional systems [20, 21]. In particular, a special sub-class of
neural network methods called Feedforward Neural Networks (FNN) was found very effective for modelling a range of
dynamical systems [22]. In [23], the FNN technique was applied to reduced order modelling of a turbulent flow over a
cylinder and a plunging aerofoil, where the flow modal decomposition was combined with the regression analysis of the
resulting temporal modal coefficients. As an input, a sufficiently long dataset of Large Eddy Simulations (LES) was
used for training and validation of the data-driven model. To improve performance of the regression step, the temporal
modal coefficients were obtained from the time-domain SPOD method [11]. The method was demonstrated to predict
reliably the flow field beyond the training window and with larger time increments than those used by the full order
model, thereby showing the robustness of the reduced-order model based on FNN. In a more recent work [24], the
time-domain SPOD in combination with a two-stage conservative and restrictive sparsification procedure was applied to
reconstruct the temporal modal coefficients of the flow over a circular cylinder undergoing vortex-induced vibration.
The cross-validation procedure was applied to a Particle Image Velocimetry (PIV) dataset reporting good results for
accurately reconstructing the most dynamically important vibration mode.

In the current work, the modern data-driven modelling approaches based on SPOD are pushed to the limit by
considering a high-speed axisymmetric jet flow, which has a few orders of magnitude larger Reynolds number than the
cylinder and the aerofoil flow modelled by Lui and Wolf [23]. The jet corresponds to the isolated unheated static jet
at conditions of the NASA SHJAR (Small Hot Jet Acoustic Rig) experiment. The jet Reynolds number based on the
nozzle exit diameter is around one million and the acoustic Mach number is 0.9 (Set Point 7 jet case) [25]. Notably, in
comparison with the plunging aerofoil flow considered in [23], the high-speed jet flow is inherently broadband and
not associated with any distinct tonal frequency. Hence, following previous work on low-rank dynamics of unforced
turbulent jets, the objective of reduced-order modelling of the high-speed jet here is reconstructing the axisymmetric
pressure mode of the Navier-Stokes solution at low frequency, which can later be used for data-driven design of effective
turbulent acoustic source models. In particular, for high-speed round jet flows, the axisymmetric pressure mode of
interest is known to be responsible for sound radiation at small angles to the jet axis and dominant contribution to the jet
noise peak.

The data-driven modelling will be based on the LES solutions of the NASA jet, which were previously validated in
the work of Markesteijn and Karabasov [26]. The LES solutions were obtained using the high-resolution CABARET
method [27-31] implemented with asynchronous time stepping [32, 33], and accelerated on Graphics Processing Units



(GPUs) [34-36]. The latter property allows obtaining statistically converged jet LES solutions within a few days on
grids of around 100 million cells. For modal decomposition, both the time-domain [11] and the frequency domain [13]
SPOD methods will be considered. The temporal modal coefficients extracted from the GPU CABARET solution using
the time or frequency domain SPOD methods will be used for training and validation of the reduced order techniques
for signal reconstruction.

For studying the ML-approaches, the dataset was tested using three different tools, namely the FNNs, Genetic
Programming (GP), and Echo State Networks (ESNs). Among these, GP is a method that originates from the class
of Genetic Algorithms (GAs) with the goal of addressing symbolic regression problems. The result of reduced order
modelling of GP is thus an analytic function constructed from a zoo of possible function prototypes with guaranteed
stability properties. The latter, ESNs, on the other hand is an artificial dynamical oscillator which mimicks the behaviour
of a natural chaotic system in the temporal domain [37]. Hence this approach is a way to model the stochastic behaviour
of the reduced order modes of the high Re turbulence field in the time domain.

The paper is organised as follows: Section 2 gives an outline of the Large Eddy Simulation dataset of the NASA
SHIJAR jet flow at Set Point 7 conditions, summarises details of the time- and frequency- domain SPOD methods, and
provides examples of the time signals used as an input in the subsequent Machine Learning models.

IIL. Jet Flow Cases and Computation Methodology

A. Jet Flow Solutions and Spectral Decompositions

In the NASA Small Hot Jet Acoustic Rig (SHIAR) experiment, a single-stream unheated static jet forms downstream
of a profiled axisymmetric convergent nozzle with an exit diameter, D ; = 0.05m. In particular, the Set Point 7 (SP7)
case, which corresponds to an acoustic Mach number M, = U;/aamp of 0.9 is considered, where U; is the jet exit
velocity and ag,p is the ambient sound speed. The GPU LES solution for this jet case was obtained on a grid of snappy
hexa/hanging nodes type, and was sufficiently refined in the jet shear layer region to enable a fast transition to turbulence
from the initially laminar inflow boundary condition. The LES domain has 30 Dj radially, 100 Dj axially downstream of
the nozzle exit and 10 Dj axially upstream of the nozzle exit. A part of the nozzle was included in the calculation whilst
specifying stagnation pressure and temperature boundary condition at the nozzle inlet. Characteristic non-reflecting
boundary conditions were specified on all open-domain boundaries, and a wall model was used for all nozzle surfaces.
Details of the LES grid resolution and validation results in comparison with the NASA experiment can be found in
previous work of Markesteijn et al. [38].

To simplify the postprocessing, the LES pressure solution was interpolated from the original unstructured snappy
hexagrid onto a structured cylindrical grid, (n, X n, X ng) = (X, Y, Z) spanning the axial, radial, and circumferential
directions, x/Dj, r/Dj, € [0,10] x [0, 3] x [0, 2n], respectively. Here the origin, x = 0 corresponds to the nozzle exit
location.

Table 1 summarises the main parameters of the jet flow as well as the interpolation of the LES pressure solution. In
total, the LES solution history over 103 (978) convective time units D /U, were used, which corresponds to 5348 time
frames available for the subsequent reduced-order modelling.

Set Point (SP) 7

Acoustic Mach number M, 0.9

Jet Mach Number M 0.98
Nozzle Temperature Ratio 0.835
Reynolds Number based on jet diameter 1.10°

Parameters of the cylindrical grid, dx/D; = dr/D;,df[0] 0.1,1.4

Sampling frequency, x(U;/D ) 8.33
Number of time samples 5348

Table 1 The operating conditions of NASA SHJAR jet and the parameters of interpolated cylindrical volume.



After interpolation, the zero-mean pressure time fluctuations, p’ are computed:

p'(x,r,0.1) = p(x,r,0,1) = p(x,r,0) ey

where (-) denotes the time average quantity and (-)’ denotes the fluctuating part. Instantaneous snapshots of the
fluctuating pressure, p’ in the nozzle symmetry plane (x-y) and several cross-stream planes (y-z) are shown in Fig. 1.
The pressure fluctuations obtained will be used in the modal decomposition analysis.

Fig. 1 Instantaneous snapshots of fluctuating pressure p’ in the symmetry plane (top) and several cross planes
at streamwise locations x/D; = 1,2, 4,5 (bottom)
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Fig. 2 Instantaneous snapshot of the the fluctuating pressure p’ for the Fourier azimuthal mode m=0

To reduce dimensionality of the problem, the fluctuating pressure is further subjected to a Fourier transform in the
circumferential direction :

p(x,r,0,1) = Z po(x, 7, 1)e™? 2)
m

The axisymmetric mode of the Fourier decomposition (m=0) is of particular interest because of its importance for jet
noise peak at small angles to the jet axis. A typical snapshot of the pressure fluctuation of this mode is shown in Fig. 2.
The resulting pressure field, two-dimensional in space and one-dimensional in time, are then decomposed into SPOD
modes using frequency domain SPOD approach [13]. The time series of mode coefficients for each frequency is then
expanded as
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where a;(f) =< ¢;(x,r, f), ﬁn(x, r, f) >,and ¢;(x,r, f) are the eigenvectors of the cross-spectral density tensor
D defined as the Fourier transform of the space-time correlation tensor. Here, <> denotes inner product over spatial
volume Q according to <u,v>= fg v (x, fIW(X)u(x, f)dx with W being a positive-definite Hermitian tensor of
appropriate dimension and asterisk superscript being the Hermitian complex conjugate. To calculate the cross-spectral
density tensor from the original space-time signals, a Discrete Fourier Transform (DFT) is applied using Welch’s method
[35], to help the convergence of spectral estimates [13]. In this method, DFT is applied on N}, overlapping blocks of the
original space-time data with Ny snapshots in each block. The cross-spectral density tensor at frequency fi can be
approximated by the average
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where At is the sampling time between snapshots, s = Zj.vzf 1 w? and w; is a window function to reduce spectral leakage
due to non-periodicity of the data in each block. The corresponding time coefficients at each frequency and for each
mode are computed here using the recent method developed in Nekkanti and Schmidt [39]. These time coefficients are
denoted as ajf (#) in the rest of the paper.

Notably, the possibility to extract flow information and associate it to specific frequencies, which is important for
aeroacoustics phenomena naturally analysed in the frequency domain, motivates the interest in the frequency-domain
SPOD method. Figure 5 shows the spatial distribution of the first SPOD modes for four typical frequencies. The
frequencies are reported in terms of Strouhal number St = fD;/U; , where f is dimensional frequency. Similar to the
SPOD analysis of a similar turbulent round jet flow in the literature [17], the spatial mode distributions tend to acquire
finer structures, which move closer to the initial jet shear layers as the frequency increases.

Fig. 3 Spatial distributions of the frequency-domain SPOD mode 1, ¢ (x, r, f) for the first Fourier azimuthal
mode m = 0 of the fluctuating pressure p’ computed for St = [0.1,0.2,0.5].
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Fig.4 Time histories of the temporal mode coefficients of the frequency-domain SPOD mode 1, al(t) for the
Fourier azimuthal mode m = 0 of the fluctuating pressure p’ computed for St = [0.1,0.2,0.5].

Figure 4 shows the temporal mode coefficients of the corresponding SPOD modes for the same four frequencies
as in Fig.3. The temporal coefficients of the SPOD modes show broadband behaviour, and their dominant oscillation
frequencies tend to increase as the reference frequency of the SPOD mode increases. This behaviour is typical of



the frequency-domain SPOD method, where different flow realisations, which correspond to different time scales are
decoupled as separate SPOD modes [11].

The above temporal mode coeflicients extracted from the same pressure time series using the two SPOD techniques
at different filtering and frequency parameters are the signals to be reconstructed, and extrapolated using the Machine
Learning approaches. The following subsections detail these machine learning techniques. The Power Spectral Density
(PSD) for the expansion coefficient associated with the leading SPOD mode at St = 0.1, 0.2, and 0.5 are calculated in
accordance with [13], complemented by an analysis of sensitivity related to the length of the initial signal. Figure 5
demonstrates the comparison of the PSD obtained using the Welch’s method, both for the signal’s full length and for
half of its total length.
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80 —— 80
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Fig. 5 PSD of the individual expansion coefficients of the leading SPOD mode at St = [0.1,0.2,0.5] calculated
for 100% and 50% of the signal length.

III. Machine Learning approaches

A. Artificial Neural Networks

Artificial Neural Networks (ANNG5) is a popular tool from the machine learning paradigm that has properties of a
universal function approximator [40, 41]. By construction, ANN is a network of interconnected nodes where each node
represents a set of weights and biases, used to obtain a linear combination of the inputs to that node. An activation
function then introduces non-linearity to the output and the network as a whole represents a parameterised nonlinear
function [37]. The weights and biases being optimizable by gradient descent enable the network to be fitted onto a
dataset with arbitrary dimensionality. The optimization process is essentially the ‘training’ phase and once trained, the
network then acts as a smooth differentiable function whose computational cost for forward calculation is cheaper than
the training steps.

In this work, the ANN framework developed by Lui and Wolf [42] is applied to test ANN’s performance, where
the signal derived from Proper Orthogonal Decomposition (POD) of transient flow data is extrapolated in time to
enable stable reconstruction of data for a longer time. Temporal signals of the POD modes are treated as a solution
of a time-domain Ordinary Differential Equation (ODE) problem where ODE plays the role of a dynamical system
model implicit in Navier Stokes equations. The reconstruction is done by learning the time-gradients of signals from the
data using Feedforward Neural Networks (FNN). Following Lui and Wolf [23], the input to FNN at each time step
is the POD time-coefficient and the output is the reconstructed time gradient, which is then used to extrapolate the
signal in time by numerical integration using a high-order Runge-Kutta scheme. In the suggested algorithm [23], a
10th order-accurate compact scheme is used for obtaining the reference gradient signal from a suitably normalised
input signal. The computed reference values are then used for training in the FNN-based regression module where
a random search algorithm was implemented to explore the possible network configurations to find a suitable set of
hyperparameters. The random search algorithm was designed to find an optimal network structure, which can best
represent the derivative field in the domain. The space of degrees of freedom for the search algorithm was selected so as
to limit the total computational time in line with recommendations in the ANN literature. For example, the random
search algorithm was limited to 100 random models. The range of values allowed for the number of hidden layers



was from 6 to 10, the number of elements per layer (layer width) was in the range of 10 to 64 and the regularisation
parameter was set in a range of 1072 to 107°. A total of 800 times steps were then used for training all models and cases.
For each of the random configurations generated, the mean absolute training error at the last training iteration was
used as the performance metric. Once the network structure is finalised by the search algorithm through minimising the
mean absolute training error, the chosen network reconstructs the time-gradient values. The latter values are used as the
right-hand-side of the ODE, which is solved with an explicit fourth order Runge-Kutta method to advance the signal in
time. The above numerical framework, commonly called the Neural ODE, is equivalent to solving a time evolving
system,
9p(t)
ot

where p(t) is the time-varying signal vector of POD coefficients and NN(-) is the neural network prediction for the
time gradient.

Hence, while operating on a select number of modes as simultaneous input to the ANN, the solution process is
equivalent to time integration along a high-dimensional trajectory along the signal coordinates corresponding to the POD
mode coefficients and the stability criterion is that the system approaches a limit cycle, equivalent to a multi-dimensional
dynamical system. On one hand, to avoid intersection points of trajectory, which are detrimental to the quality of
training dataset due to target multiplicity for the same collocation points, the domain should be sufficiently sparse. On
the other hand, a largely sparse domain will also leave the network untrained with spurious gradients in the regions
where the optimizer does not operate. These random gradients divert the reconstructed signal out of a stable cycle and
lead to a diverging signal. Hence, as guided by previous empirical studies, the ANN model corresponding to the system
of ODEs of 8 POD signals as input is reconsidered in this work.

The suggested ANN approach will now be applied for the frequency-domain spectral POD coefficients of the
pressure fluctuations of the jet flow described in Section 2.1.

=NN(p(1)) &)

B. Genetic Programming

Genetic Programming (GP) [40, 41, 43, 44] is a method that originates from the class of Genetic Algorithms (GA)
with the goal of addressing symbolic regression problems. While GA typically uses a string of numbers to represent the
solution, GP creates a population of models, usually in the shape of graphs or trees, which are iteratively evolved and
improved through the application of so-called genetic operators. The ultimate goal of GP is to solve an approximation
problem by searching through highly fit models in the space of all possible approximations that can be generated
combining variables and functions provided by the user, referred to as “primitives” or “building blocks”. If a random
sampling and clustering of primitives result in poor exploration of the space of all possible approximations, GP relies on
an iterative process inspired by natural evolution to steer the assembling of new models (so called search in the model
space) towards expressions that might minimise the selected error metrics, e.g. Root Mean Square Error (RMSE), on
the training data set. By definition, models returned by GP are symbolic expressions and are global, i.e. they apply
on the whole variable range defined by the training data set. The initial step of a GP run is the creation of the initial
population of approximations, which is performed either randomly or deterministically exploiting preexisting knowledge.
In the former case, the generation of a set of GP models (or “trees”) varying in shape and size is based on random or
pseudo-random events to extensively explore the space of models defined by the building blocks/primitives provided by
the user. In the latter, existing approximations are used to “seed” the initial population in the hope that GP might further
refine them. Once the initial population is generated, the evolution of a highly fit model proceeds through the iterative
action of genetic operators and model evaluation by a fitness function, which determines the quality of the evolved
model and selects the set of models that undergo the next round of genetic operations. The procedure always leads to a
stable approximation provided that primitives are selected properly. For example, addition, subtraction, multiplication,
sine and cosine are allowed for a bounded model to be extrapolated.

Models’ fitness, which is typically an RMSE or Mean Square Error (MSE) - based quality score, has a dominant
role in steering the evolution towards better and better solutions. It depends directly and critically on the values of
numerical coefficients of the models. Therefore it is of special importance to distinguish the mathematical structure of a
model as a separate object, defined as the model tree stripped of the numerical coeflicients. As an example, Figure 7a
shows the mathematical structure of the full model a3 + (alz1/z2 + a2z3)2, which is shown in Fig.6.

The genetic programming method used in this paper is the HyGP implementation developed by Armani [43, 44].
Still founded on the basic principles and guidelines provided by Koza [40], the current HyGP implementation can be
classified in the subcategory of “hybrid GP” or “memetic GP” [45, 46] as a result of its additional features such as



Fig. 6 Example of a GP model and its mathematical structure: (a) the mathematical structure where the tree is
in a “parameterless” state and (b) the corresponding full model.

the exploitation of Baldwinian learning. In accordance with the latter approach, the classic genetic operators such
as reproduction, mutation and crossover are still used, but they are applied on the “parameterless models”, i.e. the
mathematical structures of the approximations, such as in the example depicted in Fig.6a, as opposed to the standard GP
methods which apply genetic operators on the full models Fig.6b. Consequently, the numerical coefficients are not
modified by genetic operators and are instead optimised independently. The optimisation of the numerical coefficients
of HyGP is performed through a separate two-step process: first by using a population-based optimisation algorithm
(Particle Swarm Optimisation [47]) to robustly explore the search space and then by applying a deterministic method
(Sequential Quadratic Programming or SQP [48]) to fine tune the values of the parameters. A schematic description of
the logical steps featured in the suggested HyGP algorithm is sketched in Fig.7.

Since GP/HyGP are relatively less well-known in comparison to ANN especially in the area of fluid dynamics,
additional details on the technical implementation of the HyGP algorithm are provided in Appendix A. Most of the
hyperparameters defining the HyGP setup (Table 2 in Appendix A) were selected based on previous experience with
HyGP and hence no specific optimisation procedure other than trial and error was adopted. An optimisation strategy was
used to calibrate the fitness function coefficient a5 (Eqs. A3-A4 in Appendix A) that defines the relative contribution of
the difference in statistical signal properties such as variance and mean over the entire design space between the GP
prediction and the input signal. The optimal value of the coefficient was selected running preliminary GP regression tests
on the pressure signal training dataset. A Pareto front was used to understand the balance between two objectives, local
accuracy (RMSE) and the variance of the evolved models. The final coefficient value was obtained using a posteriori
selection from the Pareto subset closest to the origin of the axes of the objectives. In most cases the selected optimal
value was a5 = 0.01. To check sensitivity of this parameter, these results were compared with the GP results for other
values of the parameter, such as a5 = 0.001, which in turn corresponds to a higher RMSE contribution. It should be
noted that the optimal definition of the fitness function objective coefficients of the GP method as well as the choice of
hyperparameters themselves is a weak point of the current HyGP implementation as a modelling tool, which critically
relies on the user’s experience.
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Fig.7 Flowchart of HyGP algorithm.

C. Reservoir computing and Echo State Networks (ESNs)

In recent years, Reservoir Computing (RC) has garnered interest as a machine learning approach for estimating and
forecasting dynamical systems. RC algorithms utilises a recurrent neural network (RNN) comprising of interconnected
neurons known as the reservoir. The reservoir is fed using an input layer providing with the observed data and an output
layer that evaluates the network states [49]. Seminal papers associated with reservoir computing [50-52] introduced
Echo State Networks(ESNs) which is one class of preliminary forms of reservoir computing as an effective Machine
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Learning paradigm for processing sequential data and demonstrated its effectiveness in time-series prediction.

ESNs deploys a high-dimensional numerical oscillator called the Reservoir resembling a Recurrent Neural Network.
Given a datapoint from an input timeseries, called the driver signal, the reservoir matrix is used to transform the data to
a required number of features which are then weighted and read out of the reservoir to synthesize an output signal. The
feature space in a reservoir, which is an RNN, are the output from each of the recurring layers. The teacher signal is fed
into the output neurons of the network, which feed the reservoir using the output feedback mechanism. The reservoir
then operates recurrently to generate feature outputs in each of its recurring layers, which are then read out by the same
output layer which feeds the reservoir. It has been shown that after an initial transient operation, the output layer tends to
adapt the feedback to the reservoir in such a way that the internal recurrent layers "echoes’ the relevant features for
the teacher signals [53]. Such a method differs from a conventional Neural Network in the fact that the activation of
neurons are controlled by their weights in the nodes for a Neural Network which are not all active to the same magnitude
during a forward propagation. But for ESNs, the reservoir is actively generating the feature outputs in an RNN fashion,
thus resembling an artificial dynamical system, whose state spaces are sampled to approximate a given signal.

ESN was initially proposed as an alternative to address the exploding and vanishing gradient problems encountered
by RNNs by Jaeger [54]. Also, ESNs have already been demonstrated as a viable method to learn temporal behaviour
of chaotic phenomena and to extrapolate the signal beyond their Lyapunov times. In recent years, ESNs have been
increasingly employed in the realm of fluid dynamics, as evidenced by various studies including the works of Huhn and
Magri [55], Doan et al. [56], Margazoglou and Magri [57], Racca and Magri [58]. However, the method is not explored
in the context of reduced order modelling and for the same of high Reynolds number turbulence as in this work. Since
the model order reduction results in simplified modes and time series signals whose properties can be attributed to
specific physical phenomena, as in the case of SPOD, utilising ESNs ability to capture their stochastic behaviour can aid
in high-fidelity reconstruction of turbulent fields using few relevant reduced order modes.

The ESN implemented in this study follow the principles and methods described in Jaeger et al.’s [59] work on
deploying ESNs with leaky integrator neurons. The implemented structure of the ESN consists of an input layer, a
reservoir consisting of N neurons and the output layer. The appropriate size of reservoir (N) should consider both the
length of the training data, denoted as T, and the complexity of the task at hand. Generally, N falls within the range of
T/10 to T/2 [60]. The input layer of the ESN receives the input signals, and the output layer generates the output signal.

For testing the ESN model, we generate a network with 800 reservoir neurons with sparsity of 10%. The model was
trained with 2000 time steps, followed by testing over 3348 time steps, employing different combinations of global
control parameters to achieve optimal prediction of time coefficient of SPOD modes. The training stage of ESN
encompasses minimization of mean squared error between the input signal and the target output.

The selection of control parameters in the ESN model poses a challenging task. These hyperparameters play a crucial
role in determining the performance and behaviour of the model. Several studies[61-63] incorporated supplementary
optimization methods like Bayesian optimization to improve the performance of ESN. However, these optimization
techniques failed to offer a comprehensive analysis of hyperparameter sensitivities and struggled to effectively tackle the
prediction task in the current investigation. One key control parameter is the spectral radius which is the maximum
eigenvalue of the reservoir matrix(W) and its value should be smaller than unity to satisfy the echo state property[59].
Another important control parameter is the input scaling which influences weighting of the input vector, and it was
observed from experiments that higher values of input scaling resulted in amplified signal amplitudes making the model
sensitive to noise in the input data. Furthermore, the leakage rate of the network determining the speed at which internal
states of the reservoir evolves is also a significant control parameter that governs the reservoir dynamics. While the
aforementioned control parameters are pivotal in determining the dynamical characteristics of the ESN reservoir, the
size of reservoir N ascertain the capacity of the model [59]. Nevertheless, larger reservoir sizes may result in overfitting
and also higher computational costs.

Our approach of modelling the reduced order turbulent signal focuses on the extrapolation capability. Hence unlike
conventional approach of training ESN to approximate the signal for the time span of the training data is not sufficient.
Alternatively, we train ESN using bandpassed white noise signal deployed as a driver signal. This ensures that for
extrapolation, any length of the white noise signal can be generated independently, filtered to the same bandwidth and
used to drive the ESN prediction. For training using bandpassed white noise, the input layer is supplied with the noise
signal and the POD mode coefficients are supplied as the teacher signal. Hence the process is equivalent to a least square
fit of the teacher signal using the latent space provided by the white noise which is ideally infinite. The selection of
features and their weighting to approximate the signal via the echo state property is hence the training process. During
extrapolation, the same band passed white noise signal but with longer time duration is used to drive the reservoir and
the output is recorded as the prediction. The schematic of a complete framework depicting the deployment of Echo
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Fig. 8 Schematic diagram of ESN based reduced order modelling of turbulence signals
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State Networks (ESNs) to assist reduced-order turbulence modelling is given in Fig 8.
That being the underlying mechanisms for the three ML approaches, we now present the results as they are deployed
for the high Re turbulence signals.

IV. Results

The frequency-domain decomposition[13] requires a long enough input time history for the output dataset to reach
statistical convergence. Hence, for comparing the ANN and GP methods with the frequency-domain SPOD method, the
entire available dataset of 5348 points (Table 1) was used to generate the SPOD time coefficients, in this case for a range
of frequencies corresponding to Strouhal numbers from Sz = 0.1 to St = 1.0. The first 3000 time samples were used
for the training data set, and the remaining part is used for testing. As frequency of the SPOD signal increases, the
reconstruction at a fixed data sampling rate becomes increasingly more challenging. Hence, the ML methods are first
tested on the low frequency SPOD signal, which corresponds to the peak of the near-field pressure spectrum of high
speed jets at St = 0.1 and then moving to higher frequencies.

A. Using ANN method

The ANN method applied to the original SPOD signal at St = 0.1 without any filtering leads to a fast divergence of
the numerical prediction. In an attempt to stabilise the ANN solution, an additional limited bandwidth filtering around
the central frequency St = 0.1 (1787 Hz) was applied to investigate sensitivity of performance of the ANN method to
spectral complexity of the input signal. Result of applying the ANN method to the limited-bandwidth filtered SPOD
signals at frequency bands of 1000 Hz are shown in Fig.9. While the ANN method is able to reconstruct the SPOD
signal filtered with the much lower frequency window, the solution rapidly diverges when the window is extended to
1000 Hz. Hence, it is concluded that the ANN method originally suggested by Lui and Wolf [23] for turbulent flow
signal reconstruction is too unstable to be applicable for the time-frequency analysis of the high-speed jet flow, which is
characterised by a rich spectral content. The divergence of ANN based extrapolation, to our knowledge, is understood as
due to the accumulation of error with each time step prediction. This is due to Neural ODE framework which predicts
the gradient of the signal as a function of state value which inevitably accrues a numerical error at best. Hence such a
framework does not theoretically guarantee a stable extrapolation to enable prediction for large time spans.

4
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3 0 ~" b
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Fig. 9 ANN solution of the bandwidth limited temporal coefficient of the first SPOD mode at St = 0.1 at a filter
frequency window of 1000 Hz. The ANN method consistently showing diverging behaviour with unconstrained
growing amplitude.

B. Using GP method

Figures 12 and 13 compare predictions of the HyGP method of the SPOD signals for frequencies, St = [0.1,0.2,0.5]
with the input signals in the time and frequency domain. Appendix B provides the corresponding numerical expressions
in each case as well as the computing time required by the GP model to generate these expressions during the training
process. One of the advantages of the GP model is that after the training is completed it provides an explicit numerical
description of the reconstructed time signal. In comparison to the ANN method, the GP solution was found stable for
all frequencies for the entire duration of tested SPOD time signals. As noted in Section 3.1, the robustness of the GP
method can be attributed to the lack of reliance on the smoothness/integrability property of input signals.
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SPOD time coefficients at Strouhal number S = 0.2 against the reference signal.
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Fig. 13 PSD comparison of the combined complex time coefficients, predicted using GP and ESN, for the leading
SPOD mode at St = [0.1,0.2,0.5], against that of original signal. GP predictions are seen to be maintain higher

fidelity compared to ESN predictions. For higher Strouhal numbers, the ESN predictions tend to perform better
with tendency to capture the correct central frequency.

It can be noted that predictions of the GP method for the SPOD signals at the low frequency St = 0.1 and at the
dominant frequency of high-speed jet noise at the far field, St = 0.2, are in good agreement with the reference signals.
However, as the central frequency of the SPOD signal increases further to St = 0.5 and St = 1, the GP solution fails to
capture the high-frequency part of the spectra. The lack of accuracy for high frequency signal reconstruction of the GP
method can be associated with a limitation of the data sampling rate. In the current numerical experiments, it was found
that the GP model requires at least 20 time points per period of the frequency of interest for good reconstruction of
statistics of a turbulent signal. It can be noted that, despite the high-frequency limitation, performance of the current
GP-based reduced-order model of the first SPOD coeflicient of axisymmetric pressure mode may already be sufficient
for capturing the dominant dynamics relevant for peak jet noise at small angles to the jet flow axis. A detailed error
analysis of the reconstructed pressure solution of the GP method is provided in the following section.

C. Using Echo State Networks

The results of ESN predictions are shown together with GP predictions and original signals in Fig.12 and 13.
The ESN were trained using first 2000 time points from the dataset. The signal was then extrapolated to 5348 time
steps, to compare against the full available dataset and was then used to extrapolate to 40,000 time steps to check its
stability. It has been found that the networks prediction showed reasonable agreement with the training data and for
comparison with the 5348 timesteps for data in the time domain. The signal comparison of the frequency domain also
has a reasonable agreement and better agreement with data than ANN and GP. For extrapolation, the network showed
stable reconstruction capability without exploding or vanishing amplitude as would be expected from typical ANN/RNN
performances. However, on reconstruction of the full signal using reconstructed signals for both imaginary and real
parts of the selected SPOD Strouhal numbers, ESNs tend to generate spurious broadband components. The performance
of ESN indicate a higher preference to learn the higher Strouhal number data as compared to lower Strouhals and is able
to provide a stable reconstruction in all cases.

V. Conclusions

Three machine learning techniques, Artificial Neural Network (ANN) and Genetic Programming (GP), and Echo State
Networks (ESNs) are implemented for reconstruction of turbulent pressure fluctuations from Large Eddy Simulations of
a Mach 0.9 isolated round jet at Reynolds number 10° corresponding to the NASA SHJAR experiment. The focus of
reduced-order modelling has been to capture the dominant flow dynamics corresponding to the jet noise peak at small
angles to the jet flow axis. Hence, the goal of reduced-order modelling here has been to reconstruct the most energetic
component of the axi-symmetric pressure mode, as extracted using Proper Orthogonal Decomposition (POD). Two
Spectral POD techniques were applied, which correspond to the time- and frequency-domain analyses as suggested in the
literature. The time-domain POD uses a filtering of the input time signals in the correlation matrix space, thereby making
the signal narrower band and smoother in comparison with the POD signals decomposed frequency-by-frequency for
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the same length and sampling rate. At the same time, the frequency-domain POD signals support important space-time
correlations as typical of spatiotemporal turbulent structures.

The ANN method, which is based on learning from the data and solving a set of effective Neural Ordinary Differential
Equations was found insufficient to reconstruct the time modal coefficients of the frequency-domain SPOD signal even
for the lowest considered frequency, i.e. St = 0.1. The inherent broadband nature of the SPOD signal is reasoned for the
ANN instability in this case.

Attempting to model the signals using ESNs were more successful in comparison with ANN approach. While using
white noise driver signal, the network was able to successfully capture the broadband central frequencies. However, the
predicted signals tend to be more broadband than the teacher signal with the effect more prominent for low frequency
signals. The effect was found to improve for higher frequencies where GP predicted signals are deteriorating in
their fidelity. Nevertheless, the spurious broadband components from each mode predictions are a significant error
contribution towards the final reconstruction of the flow and hence the framework needs further improvement in terms
of training dynamics.

In comparison with this, the lack of band limited behaviour and signal smoothness that proved critical for ANN did
not impair the GP capability to return a stable approximation model for all frequencies. In this regard, GP proves to be a
robust modelling technique, which allows to accurately capture the low-frequency mode of the turbulent signal that is
typical of the dominant flow dynamics relevant for noise generation at small angles to the jet axis. However, accuracy of
GP deteriorates at high frequencies, approximately from St = 0.5 where ESN prediction tend to still capture the central
frequencies.

While the GP’s stochastic nature brings increased robustness to the model in comparison with ANN and ESN, the
same also determines an increase of the quality assessment effort. Evolution implies variability of final models, and so
the selection of the best model has to be necessarily done manually or automatically. For example, automatic strategies
for hyperparameter optimisation, such as Random Search used for ANN, could represent a possible approach. If the
final application of the GP model is known, specific and quantifiable requirements and their hierarchy of importance are
known, specific objectives can be incorporated in the fitness function in order to promote the generation of fit-for-purpose
models, as done in this study. Alternatively, the final selection might rely on the creation of a Pareto front corresponding
to all the models generated by GP. Last but not least, it is worth noting that GP provides an explicit expression for the
reconstructed signal at the end of the GP process, regardless of the empirical adjustments used for its generation. Such
expressions can be used as a surrogate model of turbulent fluctuating quantities of interest as an improved nonlinear
forcing model in linearised modelling frameworks as well as to accelerate convergence of statistical source models in
acoustic analogies.
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Appendix A. Details of the HyGP implementation
The workflow of the HyGP algorithm includes the following elements:

Input normalisation

Training data set provided by the user is linearly transformed so that the normalised values of the independent
variable (design space) and dependent variable (target values) lie within the interval of (1, 11). The normalisation of
the independent and dependent variables is performed to avoid zero value, which is problematic in case the division
operation is used in GP models, and also to scale the training data to a predefined design space.

Genetic Operations

Reproduction: A user-defined percentage of the sorted population (best scoring individuals) is copied into the new
generation. Copies are eliminated, and to preserve population constant size the void is filled with individuals generated
from scratch using the same procedure used for population initialization. Numerical coefficients of the best individual
are retained and used as an additional starting guess for the tuning process in the following generation. Crossover: It is
used to generate a user-defined percentage of the new population. Tournament selection (in which a pool of 3 randomly
selected models is temporarily created and the tournament is won by the model with the best fitness) is used to select the
individuals that undergo crossover (uniform probability distribution). Parent 1 selection is performed on individuals
selected from the reproduction pool, whereas Parent 2 selection considers the whole population to preserve genetic
variability. Crossover points are selected randomly, first selecting a random depth or level in the tree-shaped model
using a uniform probability distribution in the selection and then randomly selecting one node among the ones sharing
the same depth or level. If the new potential offspring have depths larger than the maximum allowed, new crossover
points are selected. Mutation: consists of point mutation for even generations and subtree mutation for odd generations.
Tournament selection (as used in crossover) is used to choose the individuals undergoing mutation. Nodes are selected
randomly using the same approach adopted for crossover.

Editing

The editing operation aims at turning all GP models that grow indefinitely in absolute value (diverge) into bounded
models. Prior to parameters insertion and fitness evaluation, each parameterless individual is scanned for the presence
of diverging subtrees (for example a polynomial). To avoid indefinite growth during HyGP model extrapolation analysis,
these diverging subtrees are edited. When a variable is found to be the argument of addition, subtraction, multiplication,
exponential, quadratic and cubic terms, the variable node is replaced by a sinusoidal function of the same variable (for
example x is replaced by sin(x)).

Tuning (Hybrid Approach)

Numerical coefficients are inserted in the parameterless individuals using the procedure detailed in [48]. The aim is
to maximise the number of degrees of freedom of the full models, their so-called “expressivity”, while keeping the
number of numerical parameters to a minimum, which in turn is linked to the tuning computational cost. As an example,
the division between two variables z;/z; in the tree in Fig. 8 requires a single parameter rather than two. In the first step,
a vector of random values is used as the first guess, except for the best individual which inherits the same numerical
coefficients in the previous generation. Notably, the user may opt to use more than one set of random values as the first
guess to increase the robustness of the search. In the second step, the set of random/inherited values are used as starting
points for a Particle Swarm Optimisation algorithm (PSO), which is responsible for improving the initial guesses. In the
third and final step, the set of numerical coefficients improved by PSO are further refined by a deterministic algorithm
called Sequential Quadratic programming (SQP). The cost function that drives the optimization of the numerical
coeflicients is root mean square error (RMSE) for PSO and sum of the square errors for SQP. Specifically for the SQP
cost function, to reduce the risk of overfitting for sinusoidal functions, angular frequencies of sine and cosine nodes,
which are not themselves arguments of other functions except for addition, subtraction, and multiplication by —1, are
detected. These angular frequencies are then tuned imposing an increasing penalisation in the optimisation search if
they tend to get higher than wp,.xi = 0.57/Az;, where Az; is the increase in the independent variable z; (for example,
time). It is in fact assumed that frequency of sine and cosine terms can reach the maximum of a quarter of the sampling
frequency used to generate the training data. So in case sine and cosine nodes are found, the minimization problem
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addressed by SQP is recast as follows: Find x that minimizes Fsqp(x):

Nyar Nafr,i

Fsqp(x) = % i (fj(x) - fj)z + Z Z 8ik (@i ks Wmax,i) (A1)
=1

i=1 k=1

where x is the set of unknown parameter values of the HyGP individual f being tuned, f; is the observed output
for training point j, f] is the output produced by the GP individual in training point j, m is the number of training
points (size of the training data set), n,, is the number of independent variables and n,¢ ; is the number of parameters
recognized as angular frequencies found for variable i in the individual undergoing tuning. The penalisation terms g;
that direct the search for x away from high angular frequencies are defined as functions of the particular numerical
coeflicients in x recognised as angular frequencies a; :

0 ifai,k € [_wmax,h wmax,i]

8ik (@i k, Wmax,i) = { (A2)

= )2 .
ellaixl=0mui)™ _ ifa; & [~Wmax,i» Wmax,i]

No similar constraints on numerical coefficients for sinusoidal terms are implemented in PSO, whose search for optimal
numerical coefficients can span the interval [1, 11]. No similar constraints on numerical coeflicients for sinusoidal
terms are implemented in PSO, whose search for optimal numerical coefficients can span the interval [1, 11].

Selection and Fitness function

The fitness function is different from that of the classic GP which works merely based on error-based metrics defined
as a function of provided data and GP model response. In order to (i) encourage the evolution of smooth mathematical
expressions, (ii) avoid uncontrolled increase of models’ size not linked to error reduction (‘bloating’ [64]), and (iii)
curb computational cost linked to tuning of the fitness values the fitness value F (i, ) of GP model i at generation ¢ is
defined as a weighted sum of different terms or objectives, following an approach used for multi-objective optimization
in evolution-based algorithms:

F(i,t) =a F1(i,t) + axF2(i, 1) + a3 F3(i, 1) + aaFyu(i, 1) + asFs(i, 1) (A3)
a1+a2+a3+a4+a5=1 (A4)

where Fj(i,1) = RMSEC(i, t) is the root mean square error of individual i at generation ¢ evaluated on the given
training data set, F>(i,1) = Nining parameters 1S the number of numerical coefficients (parameters) in the individual,
F3(i,1) = 10°Ncorrections With Neorrections 1S the number of operations (nodes) of the individual not defined on the
training data set (i.e., division by zero), F4(i,t) = Npodes is the number of nodes that the individual is made of (model
size) an(} Fs(i,t) = eXP(Q’l | fmax — f(xfmax)”(lfmaxl + 12) + eXp(a'Zlfmin - f(xfmm)|/(|fmin| +1)) +exp(a/3|mean(f) -
mean( )|/ (jmean(f)] + 1)) +exp(aalvar(f) - var(H)l/Ivar()]).

Here, fiax and fiin are the maximum and minimum values of the target function in the training data set observed in
points x s, and xy,. ,and f(xy . )and f(xy,, ) are the corresponding values of the i-th GP individual at these points.
The terms var and mean stand for variance and mean of the given training data (/) and of the GP individual output on
the training data ( f). The coefficients of the exponential arguments used are @ = 1, @ = 1, 3 = 10, a4 = 10.

The last term in the fitness function in Eq. A3 is an additional objective introduced to better capture the training
data extremes, mean and variance in addition to the local accuracy given by the RMSE-based fitness function. This
additional objective is introduced with the aim of steering GP evolution towards models that better match the statistical
properties of the original input signal, as illustrated in the results section. Table 2 list the values of the main HyGP
hyperparameters used in all experiments performed for the SPOD signals.

Appendix B. Run times and expressions of the GP model to reconstruct the time modal
coefficients of the frequency-domain SPOD signals
All GP calculations were run on a laptop computer with linux OS, processor Intel(R) Core(TM) i7-4710HQ, 2.5 GHz
in sequential mode, and the indicated time is the wall clock time required for GP to generate the numerical expression in
each case. Examples of the GP model output to approximate the turbulent SPOD signals at frequencies corresponding
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Table 2 HyGP parameters used for reconstruction of time modal coefficients of frequency-domain SPOD
(Towne et al.’s approach)

Hyperparameter Value

Population size M 50

Number of generations 50

Number of independent evolutions (runs) 5

Editing Enabled

Binary primitives +, -,

Unary primitives sin, cos, shift (translation by a constant)
PSO particles 30

PSO iterations 10

Reproduction rate 20%

Crossover rate 40%

Mutation rate 40%

Coefficient a; (tuning parameters) 0.001

Coeflicient a3 (corrections) 0.01

Coeflicient ay (size) 0.01

Size of training data set (and DoE type) 3000

Size of testing data set (and DoE type) 5348 (first 3000 identical to training data set)

Sampling frequency (Hz) (normalised space) 300

to St=0.1, 0.2, 0.5, and 1.0 as functions of the normalised time variable, Z1 are provided below.

St=0.1, runtime = 12845
Y(Z1) =6.2132813177¢ + 00

+1.5816113444¢ + 00 X cos (1.35217233106‘ +00x Z1 -5.8317634022¢ + 00 x Z1

+9.8650043832¢ + 00 X sin(5.8087979615¢ + 00 x Z1)
+5.5662596779%¢ + 00 X Z1 — 3.2698471150e + 00 X Z1

1 8.4864471317¢ + 00 x cos(1.3284981389 + 00 x z1))

+1.1410925588¢ + 00 X sin (6.9281489991e +00 X cos (1.0535105789e +00x Z1
—2.9200839133¢ + 00 x Z1 + 3.9347628306¢ + 00 x Z1 +7.671754729%4e + 00 x 21) ©
X 8.6970827737¢ + 00 x 21)

+ 1.0000000000¢ + 00 x cos (9.82485525176 +00 X% Z1 - 3.2263526136e + 00 x Z1
+5.1265043393¢ + 00 X Z1 + 3.5640234755¢ + 00 x Z1

1
+ ((9.2992381900e +00+6.2156951133¢ + 00 x 21)

— 6.4269411591¢ + 00 x sin(3.8683018621¢ + 00 X 21)))
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St=0.2, runtime = 1608 s
Y(Z1) = 6.3489902274¢ + 00

+9.7831494828¢ — 01 X sin (8.6496650843e +00x Z1)

x 2.4117795259¢ + 00 X sin (9.9552547286e +00 X sin (5.3926160646e +00 x Zl)
X 1.0001328845¢ +00  sin (1.0990716252¢ + 01 x Z1

+9.2249751253¢ + 00 X sin (1.0071058518e +00 x 21))

+9.7186564817¢ — 01 X sin (1.0156430829e +01 X sin (1.6470705803e +00 x Zl) @)
1
- (4.8645036779e +00 + 3.2365409302¢ + 00 X 21)

1
+ (6.6436008721e +00 +4.2657790931¢ + 00 X sin (9.2479876782e +00 x 21))
+ (4.6894846547e +00 X Z1 +2.5877947705¢ + 00 x Z1
+2.1958686276¢ + 00 X Zl) % 1.2220579641¢ + 00 X sin (3.6646869468e +00 x 21))

— 1.1406041372¢ + 00 x sin (3.3343808250e +00 x Zl)

St=0.5, runtime=1632s
Y(Z1) = 5.4773568325¢ + 00

+1.1886089006¢ + 00 x cos (6.5730036615e +00 X cos (3.7551455443e +00
X sin (3.6590388299e +00 % (Z1 x z1)))

+ (2.4829021 118e + 00 x Z1 — 8.6056615309¢ + 00 x Zl)

1
- (2.58192879496 + 00 + 1.0999264473¢ + 01 X Zl)

1 ®)
x (7.7305648311e +00 + (1.0000000000e +00+5.6919515213¢ + 00 x Zl) )

1
- (9.3247SSSISOe +00 +5.7084314549¢ + 00 x 21) )

— 1.0000000000e + 00 X sin (1.0165013835e +01 x sin (1.0000000000e +00 x 21))
% 2.6890803179¢ + 00 X Z1
— 1.0000000000e + 00 X cos (7.8306693236e +00 x Z1 +8.9796782181¢ + 00

X sin (7.2855177977e +00 % Zl))

23



St=1.0, runtime = 1406s
Y(Z1) = 6.1315496780¢ + 00

+ 1.0000000000¢e + 00 X sin (7.9577247137e + 00 x Zl)

+1.0000000000¢ + 00 X sin ((1.0999975788e +01

1
+ (9.29769214119 +00 x Z1 —1.1001000000e + 01 x Zl) )

x (2.3102626909e +00 X sin (5.9864785922e +00 X 21))

1
x (1.6233382948e +00 + 1.0000000000¢ + 00 X Zl) ))
+1.0000000000e + 00 X cos (4.0094577122e +00

X sin (1.0581024175e +01 % 21))

Appendix C. Details of the ESN implementation

This section aims to give a comprehensive overview of the ESN model implemented in this study.

Teacher Signal

Prior to ESN training, it is essential to normalise the amplitudes of turbulence signals, which serves as the ground
truth. This normalisation process adjusts the values to fall within the range of -1 and 1, aligning with the output range
of the hyperbolic tangent activation function utilised in the model. Moreover, normalising the data facilitates faster
convergence and reduces the likelihood of training instabilities.

Driver Signal

The driver signal that is to be input into to the model to initiate the training of ESN should similarly be normalised
as the teacher signal. Furthermore, for the current proposed approach, it is recommended to filter the generated white
noise signal (driver signal) to the same bandwidth as the teacher signal.

The ESN and Training

Before commencement of ESN training, the user can determine how the data should be divided for initialization,
training, and the test set. This allows user to optimize the training process based on the characteristics of the dataset and
desired outcomes. In the absence of the user input, the data is divided equally for both training and testing. The current
implemented model has been tested for long term extrapolation therefore the user is afforded the option to specify
extrapolation up to 40000 time steps. Correspondingly the generated driver signal shall also be split.

An ESN is characterised by a RNN comprising of an input layer, reservoir, and the output layer. ESNs are based
on the fundamental concept of utilising a fixed, and randomly generated recurrent layer called the "reservoir." This
reservoir should be substantially large to effectively capture the intricate dynamics of the input data. Notably, only the
network’s output layer undergoes training, resulting in a considerably streamlined and expedited training process when
compared to conventional RNNs.

The reservoir state at the time ¢ with N reservoir units, N;, inputs and N,,,; outputs is updated based on the state
update equation given by Eq. 10.

#(r) = tanh(W™"u (1) + Wx(t — 1) + W/Py(1)) (10

where %(¢) is the reservoir state of dimension N, u(¢) is the input signal. The network takes input and combines
it with the hidden states from the previous time step, ¢ — 1, using two weight matrices: one for the input, denoted as
WineRN*N™ "and another for the reservoir, denoted as WeR™*N | The values of input weights are sampled such that
they fall in the range of [—a, a], where a denotes input scaling of the network, a crucial hyperparameter. The reservoir
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weight matrix W is sparsely initialized. Generally, the model performance is not significantly impacted by the sparsity
of the reservoir, making it a secondary parameter for optimization. Nevertheless, utilizing sparse matrix representations
allows for expedited updates of the reservoir states. The resulting linear combination acts as the input for the chosen
non-linear activation function, which, in our case, is the hyperbolic tangent function (tanh).

WIbeRN*N" denotes the output feedback matrix. However, in cases where output feedback is not necessary, W/?
is set to zero. Followed by the state updating, extended system state is determined by the concatenation of the current
state and previous states as shown in Eq. 11.

x(1) = yx(1 = 1) + (1 -y)x(1) (11

Where y is an important hyperparameter called leakage rate. This parameter regulates the influence of previous states on
the current state. Finally, the output signal is then determined by the output layer of the network based on the following

equation Eq. 12.
(1) = Wx(1) (12)

The following table gives an overview of the hyperparameters used for the reconstruction of time modal coefficients
of frequency-domain SPOD using ESN.

Table 3 ESN hyperparameters for the reconstruction of time modal coefficients of frequency-domain SPOD

Hyperparameter Value
Number of reservoir neurons 800
Spectral Radius 0.99
Leakage Rate 0.5
Sparsity 10%

Input Scaling (all cases except St 0.2 [imag] and St0.5) 0.5
Input Scaling (St 0.2 [imag] and St 0.5) 0.7
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